ABSTRACT. We investigate some algebraic structures called Quasi-trivial quandles and we use them to study link-homotopy of pretzel links. Precisely, a necessary and sufficient condition for a pretzel link with at least two components being trivial under link-homotopy is given. We also generalize the quasi-trivial quandle idea to the case of biquandles and consider enhancement of the quasi-trivial biquandle cocycle counting invariant by quasi-trivial biquandle cocycles, obtaining invariants of link-homotopy type of links which generalize the quasi-trivial quandle cocycle invariants in Inoue's article [9] .
INTRODUCTION
In 1954, Milnor [15] introduced a concept called link-homotopy, which significantly simplified the theory of classical links. Two links are link-homotopy equivalent if one can be transformed to the other by a finite sequence of ambient isotopies where no crossing change is allowed between distinct components of the link but crossing changes are allowed on the same component. Also, in [15] he classified link homotopy for links with up to three components and gave criteria determining when a link is trivial under link-homotopy. The case of four-components link was settled in [12] by Levine. In [6] Habegger and Lin gave a complete classification of links of arbitrarily many components up to link homotopy.
In this article we study link-homotopy using Quasi-trivial quandles, i.e., quandles whose orbits subquandles (see [17] for instance) are trivial. Precisely, we give a necessary and sufficient condition for a pretzel link with at least two components to be trivial under link-homotopy. We also generalize the Quasi-trivial Quandle idea to the case of biquandles and consider enhancement of the Quasi-trivial Biquandle cocycle counting invariant by Quasi-trivial Biquandle cocycles, obtaining invariants of link-homotopy type of links which generalize the Quasi-trivial Quandle cocycle invariants in Inoue's article [9] . The paper is organized as follows. A brief review of quandles is given in Section 2. In Section 3, we recall the definition of Quasi-trivial quandles and give examples. Coloring of links by Quasi-trivial Quandles is studied in Section 4. A necessary and sufficient condition for a pretzel link with at least two components to be trivial under link-homotopy is given in Section 5. In Section 6, we generalize the Quasi-trivial Quandle idea to the case of Biquandles and consider enhancement of the Quasi-trivial Biquandle cocycle counting invariant by Quasi-trivial Biquandle cocycles, obtaining invariants of link-homotopy type of links which generalize the Quasi-trivial Quandle cocycle invariants in [9] . The last section contains some open problems for future research.
BASICS OF QUANDLES
In this section, we collect some basics about Quandles that we will need through the paper. We begin with the following definition taken from [4, 10, 14] Definition 2.1. A quandle is a set X provided with a binary operation : X × X −→ X which maps (x, y) to x y, such that (i) for all x, y ∈ X, there is a unique z ∈ X such that y = z x; (ii) (right distributivity) for all x, y, z ∈ X, we have (x y) z = (x z) (y z); (iii) (idempotency) for all x ∈ X, x x = x.
If furthermore (x y) y = x, for all x, y ∈ X, then the quandles is called a Kei (or Involutive quandle).
Observe that property (i) also reads that for any fixed element x ∈ X, the map R x : X −→ X sending y to y x is a bijection. Also, notice that the distributivity condition is equivalent to the relation R x (y z) = R x (y) R x (z) for all y, z ∈ X.
We give few examples of Quandles here. More examples can be found in [4] .
Examples 2.2.
(1) Any non-empty set X with the operation x y = x for any x, y ∈ X is a quandle called the trivial quandle. (2) Let n be a positive integer. For x, y ∈ Z n (integers modulo n), define x y = 2y − x (mod n). Then the operation defines a quandle structure called the dihedral quandle and denoted R n . (3) Let G be a group. The operation x y = y −1 xy makes G into a quandle which is denoted by Conj(G) and is called the conjugation quandle of G. (4) The operation x y = yx −1 y makes any group G into a Kei and is called the core quandle of G.
called an Alexander quandle.
A quandle homomorphism φ from (X, * ) to (Y, ) is a map from X to Y satisfying φ(x * y) = φ(x) φ(y) for all x, y ∈ X. A quandle homomorphism φ : X → X that that is a bijection is called a quandle automorphism. The set of all quandle automorphisms of X forms a group denoted Aut(X). The subgroup of Aut(X) generated by all bijections R x is called the inner automorphism group of X and denoted by Inn(X). The action of the inner automorphism group Inn(X) on the quandle X gives the decomposition of X in term of its orbits. A quandle X is called connected if the inner automorphism group Inn(X) acts transitively on X (that is there is only one orbit). For example, the odd dihedral quandles R 2n+1 are connected. The orbit decomposition of the dihedral quandle R 6 is {0, 2, 4} {1, 3, 5}.
QUASI-TRIVIAL QUANDLES
All the quandles in this paper will be non-connected quandles except if stated otherwise. A reason for which we are interested in non-connected Quandles in this article is their applications to n-components links L = K 1 · · · K n ⊂ S 3 with n ≥ 2. Precisely, we apply Quandles to study links up to link homotopy. We define Quasi-trivial quandles following the idea in [8] .
Definition 3.1. A quandle in which x y = x, for all x and y belonging to the same orbit, is called a quasi-trivial quandle.
Example 3.2. Let Q be a quandle and let RQ be the quandle obtained from Q by adjoining the relation that x y = x, for all x and y belonging to the same orbit. Then RQ is a quasi-trivial quandle. In particular if Q(L) is the fundamental quandle of a link L [10] then the quasi-trivial quandle RQ(L) is shown to be a link homotopy invariant in [8, 9] . It is called the reduced fundamental quandle in [8] .
Example 3.3. The dihedral quandle R 4 = {0, 2} {1, 3} is a Quasi-trivial quandle. Note that R 2n is not a quasi-trivial quandle for n ≥ 3.
Example 3.4. Any group G is a quandle under the binary operation x y = y −1 xy. Under this operation, G is a quasi-trivial quandle if and only if G is a 2−Engel group; that is, G satisfies the condition that x commutes with g −1 xg for all x, g ∈ G. One specific example is the quaternion group Q 8 = i, j, k | i 2 = j 2 = k 2 = i j k = −1; (−1) 2 = 1 . This quandle has the orbit decomposition Q 8 = {1} {−1} {±i} {±j} {±k}.
Example 3.5. In an Alexander quandle, two elements x and y are in the same orbit if and only if there exists z such that x − y = (1 − t)z ( [18, 19] ). As a consequence, the Alexander quandle A = Z n [t ±1 ]/(1 − t) 2 is a Quasi-trivial quandle for any positive integer n.
COLORINGS OF LINKS BY QUASI-TRIVIAL QUANDLES
In 1954, Milnor [15] defined the notion of Link-homotopy to study links. Two links are link-homotopy equivalent if one can be transformed to the other one by a finite sequence of ambient isotopies where no crossing change is allowed between distinct components of the link but crossing changes are allowed on the same component.
A coloring of a link L by a quandle X is a quandle homomorphism from the fundamental quandle Q(L) of the link L to the quandle X (See [4] for more details). In [8] , it was shown that colorings of links by quasi-trivial quandles are invariant of homotopy links. In [9] , the author defined a (co)homology theory for quasitrivial quandles. He also showed that quandle cocycles associated with 2-cocycles of quasi-trivial quandles are link homotopy invariants.
Example 4.1. Two 2-torus links (2, 2m) and (2, 2n) with m, n ≥ 0 are homotopically equivalent if and only if m = n. To see this, we consider the torus link (2, |m − n|) if necessary, it suffices to prove that if n > 0, the torus link T (2, 2n) is homotopically non-trivial. Let B 2 be the braid group with two strings and consider the braid σ 2n 1 whose closure is the link T (2, 2n). 2 , if we color the top arcs of the braid σ 2 1 ∈ B 2 by the vector (0, 1), then the bottom color vector is (1 − t, t). Since t = 1, we have that the braid σ 2 1 is homotopically non-trivial using coloring in 2 , we can prove that σ 2n 1 is homotopically trivial only if σ 2 1 is homotopically trivial, which is false and thus the proof is completed.
HOMOTOPY PRETZEL LINKS
It is known (see for example [11] ) that pretzel link (p 1 , p 2 , . . . , p n ) is a knot if and only if both n and all the p i are odd or exactly one of the p i is even. Since every knot is trivial in the homotopy sense, we only consider the case that the pretzel link (p 1 , p 2 , . . . , p n ) has at least two components.
In the following we will consider colorings by the Alexander quandle
We denote the top color on the link by (x 1 , x 2 , · · · , x n ) and the bottom color by (y 1 , y 2 , · · · , y n ) as can be seen in the figure. For fixed p 1 , · · · , p n and k, note that the bottom vector is uniquely determined by the top vector, therefore the number of colorings is at most k 2n .
Since we will be studying pretzel links, it will be convenient to have the powers
2 . An induction argument gives the following lemma Lemma 5.1. For any non-negative integer j,
We then have the following
A straightforward computation gives the following lemma ; but if at least one of the p i 's is even, then N = # of even p i 's.
Lemma 5.6. Let n ≥ 3 and let all p i 's be even numbers. Then the n-Pretzel link (p 1 , p 2 , . . . , p n ) is homotopically trivial if and only if all the p i 's are zero.
Proof. Beginning with coloring the kth box using Z k [t ±1 ]/(t − 1) 2 , we conclude that if the link is homotopically trivial, then p k divides all p i 's. Thus if the n-
Let the top color vector be (x 1 , · · · , x n ). Choosing x 1 = 0 and x 2 = x 3 = 1 in the coloring of the n-pretzel link leads to a contradiction. Thus the number of colorings is less than k 2n implying that the homotopy link is non-trivial. Proof. If all p i 's are zero, then the pretzel link is a disjoint union of N knots, where N = # of even p i 's, thus it is homotopically trivial. Now we prove the "only if" part. By applying self-crossing changes if necessary, we assume that any odd p i is equal to 1. By applying flypes over the boxes with even p i 's, if necessary, we assume that the pretzel link has the form (2j 1 , 1, . . . , 1 s , 2j 2 , . . . , 2j N ).
We color the top arcs of the pretzel link as in the figure Note that the coloring is completely determined by the values of x 1 , . . . , x N . By choosing x 1 = 1 and x i = 0 for 2 ≤ i ≤ N, we conclude that j 1 = j 2 . A similar argument shows that j 1 = j 2 = · · · = j N . By applying self-crossing changes (p 1 , p 2 , . . . , p n ) is not homotopically trivial.
Proof. In this proof, we are using the quasi-trivial quandle
Let the top color on the link be (x 1 , x 2 , · · · , x n ), then one obtains the following equation
Multiplying both sides of this equation by t − 1 gives (x 3 − x 1 )(t − 1) = 0, thus x 3 = x 1 + λ(t − 1) for some constant λ ∈ Z. Substituting x 3 in the equation 1, we get
. By induction we obtain that for all i, x i is completely determined by x 1 and x 2 . Thus the coloring space of the n-pretzel homotopy link is at most two-dimensional over Z. Similarly, we obtain that for any l ∈ Z n x l = x l−2 + (1 − t)(1 + k l−2 − k l−1 )(x l−1 − x l−2 ). Let us denote 1 + k l−1 − k l by a l and choose x 1 = 0 and x 2 = 1, by induction we obtain that
, and
. Therefore x 1 = x 2m+1 = (a 2 + a 4 + · · · + a 2m )(1 − t) and x 2 = x 2m+2 = 1−(a 3 +a 5 +· · ·+a 2m+1 )(1−t) = 1−(a 1 +a 3 +· · ·+a 2m−1 )(1−t).
Since x 1 = 0 and x 2 = 1, we obtain that a 1 + a 3 + · · · + a 2m−1 = 0 and a 2 + a 4 + · · · + a 2m = 0.
Adding these two equations gives the contradiction that 2m = 0. Therefore, the choice of x 1 = 0 and x 2 = 1 gives a vector that does not color the 2m-pretzel homotopy link and thus this link is not trivial under link-homotopy.
Thus we have proved the following theorem:
Theorem 5.9. The pretzel link (p 1 , . . . , p n ) with at least two components is homotopically trivial if and only if one of the following two conditions is satisfied:
• n = 2 and p 1 + p 2 = 0 • n ≥ 3 with the assumption that not all p i are odd, then every p j is either odd or zero.
Now we summarize our discussion on the triviality of pretzel links under linkhomotopy as follows. Let E denote the number of even p i 's in a pretzel link (p 1 , . . . , p n ). We have the following: (1) n = 2 (a) p 1 + p 2 is odd, the link is a the trivial knot.
(a) E = 0 (i) n is even, the link is two-component non-trivial.
(ii) n is odd, the link is the trivial knot. (b) E = 1, the link is the trivial knot. (c) E ≥ 2 (i) every even p i is zero, the link is trivial.
(ii) at least one even p i is not zero, the link is non-trivial. Bonahon gave a classification of Montesinos links [2] (see also [3] ), from which the following is a corollary: Corollary 5.10. Given a pretzel link (p 1 , . . . , p n ) with n ≥ 3 and assume that for each p i , the absolute value |p i | > 1, then the pretzel link is non-trivial. Furthermore, two such pretzel links are isotopic if and only if they have the same list (p 1 , ...., p n ) up to cyclic permutations and reversal of order.
Let q be the map from the set of pretzel links to the set of homotopy pretzel links defined in the way that q maps every link to its homotopy class. Using Corollary 5.10, we give a description of the kernel of the map q in the following corollary:
Corollary 5.11. A pretzel link l = (p 1 , . . . , p n ) is in the kernel of q if and only if either l is a trivial link, or if n = 2 with p 1 + p 2 = 0 or odd, or n ≥ 3 with one of the following three cases
• The number n is odd and all p i 's are odd,
• There is exactly one p i that is even,
• There are at least two p i 's being even and all the even p i 's are zeros.
Remark 5.12. In Corollary 5.11 we include the case that the link l is a knot, which is a trivial link in the homotopy sense. In the context of braids, a description of the kernel of the map q : B n →B n is given by Goldsmith in [5] , where B n andB n are braid groups and the homotopy braid group with n strings respectively; See also [13] and [16] .
QUASI-TRIVIAL BIQUANDLES AND COCYCLE ENHANCEMENTS
In this section we generalize the quasi-trivial quandle idea to the case of biquandles and consider enhancement of the quasi-trivial biquandle cocycle counting invariant by quasi-trivial biquandle cocycles, obtaining invariants of link-homotopy type of links which generalize the quasi-trivial quandle cocycle invariants in [9] .
Remark 6.1. While the knot quandle is a complete invariant up to mirror image for classical knots, there are standard examples (e.g., the Kishino knot) of virtual knots whose knot quandle is trivial but whose biquandle is nontrivial. Thus, for the purpose of studying link-homotopy in the virtual setting it will be useful to extend the notion of quasi-triviality to biquandles.
Definition 6.2.
A biquandle is a set X with two binary operations , : X × X → X satisfying for all x, y, z ∈ X (i) x x = x x, (ii) The maps α y , β y : X → X and S : X × X → X × X defined by α y (x) = x y, β y (x) = x y and S(x, y) = (y x, x y) are invertible, and (iii) The exchange laws are satisfied:
Example 6.3. Some standard examples of biquandles include
• Constant Action Biquandles For any set X and bijection σ : X → X, the operations x y = x y = σ(x) define a biquandle structure on X.
• Alexander Biquandles For any module X over Z[t ±1 , s ±1 ], the operations x y = tx + (s − t)y, x y = sx define a biquandle structure on X.
• Biquandles Defined by Operation Tables For a finite set X = {x 1 , . . . , x n }, we can specify the operation tables of a biquandle structure with an n × 2n block matrix M whose (j, k) entry x l satisfies
For instance, the Alexander biquandle X = Z 3 = {1, 2, 3} (we use 3 for the class of zero since our row and column numbers start at 1) with t = 1 and s = 2 has matrix Unlike the case of quandles, the actions of y ∈ X on X given by α y , β y are not automorphisms of X in general, but they are still permutations of the elements of X and generate a subgroup CG of the symmetric group on X known as the column group in [7] . The orbits of the action of CG on X partition X into disjoint orbit sub-biquandles analogously to the quandle case. and
Definition 6.5. A biquandle X is quasi-trivial if its orbit sub-biquandles are trivial, i.e., if for all x, y ∈ X, x, y in the same orbit implies x y = x y = x.
Example 6.6. The biquandle in Example 6.4 is not a quasi-trivial biquandle since it has one trivial and one non-trivial orbit sub-biquandle. However, the biquandle with operation matrix is a quasi-trivial biquandle since both of its orbit sub-biquandles O 1 = {1, 2} and O 2 = {3, 4} are isomorphic to the trivial biquandle on two elements.
Definition 6.7. Let L be an oriented link diagram and X a biquandle. Then a biquandle coloring of L by X, also called an X-coloring of L, is an assignment of elements of X to the semiarcs in L (the edges in L considered as a directed 4-valent graph) such that at each crossing we have one of the following local pictures:
The biquandle axioms are the conditions needed to guarantee that for any Xcoloring of a link diagram before an oriented Reidemeister move, there is a unique X-coloring of the resulting diagram after the move which agrees with the original outside the neighborhood of the move; see [4] for more. It follows that the number of X-colorings of an oriented link diagram is an invariant of oriented links, which we denote by Φ Z X (L) = |{X−colorings of L}|. Exactly as in the quandle case, self-crossing changes in a link diagram do not change the set of colorings of a link by a quasi-trivial biquandle X since the colors on the semiarcs at a self-crossing are from the same orbit. Thus, we have
Example 6.9. The Hopf link and the (4, 2)-torus link have 8 and 16 colorings respectively by the quasi-trivial biquandle X in Example 6.6, so the biquandle counting invariant φ Z X detects that these two links are not link-homotopic. Now, let R be a commutative ring, let C n (X; R) = R[X n ], be the free R-module on ordered n-tuples of elements of X and let C n (x; R) = Hom(C n (X; R), R). Then the maps ∂ n : C n (X; R) → C n−1 (X; R) and δ n : C n (X; R) → C n+1 (X; R)
defined by
and for f : C n (X, R) → R we have
define a chain complex (C n , ∂ n ) and cochain complex (C n , δ n ) whose homology and cohomology groups H BR n (X; R) and H n BR (X; R) are the birack homology and cohomology of X. The subcomplex (C D n (X; R), ∂ n ) generated by elements of the form (x 1 , . . . , x n ) where x i = x i+1 for some i = 1, . . . , n − 1 and its dual are the degenerate subcomplexes, modding out by which yields the biquandle chain complex (C B n (X; R), ∂ n ) and biquandle cochain complex (C n B (X; R), δ n ) yielding the biquandle homology and cohomology H B n (X; R) and H n B (X; R) of X. For quasi-trivial biquandles we can generalize this degenerate subcomplex further: say a chain is quasi-trivial if it is an R-linear combinations of tuples of the form (x 1 , . . . x n ) where all x j lie in the same component sub-biquandle of X. The quasi-trivial chains C DR n (X; R) clearly form a subcomplex of the birack complex of X; indeed, it is exactly the direct sum of the birack complexes of the orbit subbiquandles considered separately as biquandles in their own right. Hence we can form the quotient complex (C QT n (X; R) = C B n (X; R)/C DR n (X; R) and its dual subcomplex to obtain the quasi-trivial biquandle homology and cohomology of X, H QT n (X; R) and H n QT (X; R). Such quasi-trivial cocycles enable us to enhance the link-homotopy biquandle counting invariant. Definition 6.10. Let X be a quasi-trivial biquandle, R a commutative ring and φ ∈ C 2 QT (X; R) a quasi-trivial biquandle 2-cocycle. Then for an oriented link diagram D representing a link L, we define a multiset Φ M,φ X (L) as follows:
• For each X-coloring D f of D, we sum the contributions from each crossing as depicted to obtain the Boltzmann weight BW(D f ) ∈ R
• We collect these Boltzmann weights over the set of all X-colorings of D to obtain
• If R = Z or Z n , we can write a "polynomial" form of the multiset:
It is a standard observation (see [4] ) that Φ M,φ X (L) and Φ φ X (L) are unchanged by Reidemeister moves; we now observe that the contribution to each Boltzmann weight from single-component crossings is zero for any φ ∈ C 2 QT (X; R), so these invariants are unchanged by self-crossing changes. Hence we obtain Example 6.14. As with other biquandle cocycle invariants, quasi-trivial biquandle cocycle invariants in general are sensitive to mirror image. Φ 
OPEN QUESTIONS
In this section we end with some open problems for future research.
• Habegger and Lin [6] gave an algorithm determining when two links are equivalent under link-homotopy. Their algorithm uses an inductive computation of certain cosets in free abelian groups. Can one give a more easily computable algorithm determining when two pretzel links (p 1 , . . . , p m ) and (q 1 , . . . , q n ) are equivalent under link-homotopy?
• 
